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Abstract. In this paper, we consider the following problem involving fractional 
Laplacian operator: 

(— A) a u = |w| 2 “~ 2-e -u + Am in Q , u = 0 on dfl, (1) 

where SI is a smooth bounded domain in lA, e g [0, 2* — 2), 0 < a < 1, 2* = 

N- 2 a ■ We show that for any sequence of solutions u n of (1) corresponding to 
E n G [0, 2* — 2), satisfying ||u„||# < C in the Sobolev space H defined in (1.2), u n 
converges strongly in H provided that N > 6a and A > 0. An application of this 
compactness result is that problem (1) possesses infinitely many solutions under 
the same assumptions. 
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1. Introduction 


In this paper, we consider the following problem with the fractional Laplacian: 

(—A ) a u = \u\ 2 * a ~ 2 ~ £ u + Xu in 0, 
u — 0, on dQ, 


(i.i) 


where fl is a smooth bounded domain in W. N , e G [0,2* — 2) A > 0, 0 < a < 1, and 
2* = x~ 2 a ^ ie criticeil exponent in fractional Sobolev inequalities. 

In a bounded domain II C M. N , we define the operator (—A) a as follows. Let 
{ Xk , (pk}kL\ be the eigenvalues and corresponding eigenfunctions of the Laplacian op¬ 
erator —A in II with zero Dirichlet boundary values on dtt normalized by ||v?fc||z, 2 (fi) = 
1, i.e. 

= Xk(fik in fl; <fk = 0 on dtt. 

For any u G L 2 (fl), we may write 


u = 


where Uk = / mpkdx. 


k =i 


We define the space 


fc =i 


H = {u = U k (p k e L 2 (n) : K u l < 

k =1 

which is equipped with the norm 

IMIff = 


( 1 . 2 ) 


Z A 

k =1 


a u 2 
k u k 


For any u G H, the fractional Laplacian (—A)" is defined by 

OO 

(—A ) a u = A k u k ip k . 

k= 1 


With this definition, we see that problem (1.1) is the Brezis-Nirenberg type problem 
with the fractional Laplacian. In [5], Brezis and Nircnberg considered the existence 
of positive solutions for problem (1.1) with a = 1 and £ = 0. Such a problem 
involves the critical Sobolev exponent 2* = AA- for N > 3, and it is well known 
that the Sobolev embedding //,] (Q) '-G L 2 *(fl) is not compact even if A2 is bounded. 
Hence, the associated functional of problem (1.1) does not satisfy the Palais-Smale 
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condition, and critical point theory cannot be applied directly to find solutions of the 
problem. However, it is found in [5] that the functional satisfies the ( PS) C condition 
for c G (0where S is the best Sobolev constant and is the least level 

at which the Palais-Smale condition fails. So a positive solution can be found if the 
mountain pass value corresponding to problem (1.1) is strictly less than -b.S'v. In [18], 
a concentration-compactness principle was developed to treat non-compact critical 
variational problems. In the study of the existence of multiple solutions for critical 
problems, to retain the compactness, it is necessary to have a full description of energy 
levels at which the associated functional does not satisfy the Palais-Smale condition. 
A global compactness result is found in [21], which describes precisely the obstacles 
of the compactness for critical semilinear elliptic problems. This compactness result 
shows that above certain energy level, it is impossible to prove the Palais-Smale 
condition. For this reason, to obtain many solutions for the critical problem, it is 
essential to find a condition that can replace the standard Palais-Smale condition. 

In [14], Devillanova and Solimini considered (1.1) with a = 1. They started by 
considering any sequence of solutions u n of (1.1) corresponding to e n > 0, e n —> 0, 
satisfying ||w n ||# < C in the Sobolev space H defined in (1.2). By analyzing the 
bubbling behaviors of u n , they are able to show that u n converges strongly to a 
solution of the critical problem in H if N > 7 and A > 0. A consequence of this 
compactness result is that (1.1) with a = 1 is that (1.1) with a = 1 and £ = 0 has 
infinitely many solutions. So, we see that the compactness of the solutions set for 
(1.1) can be used to replace the Palais-Smale condition in the critical point theories. 

Let us point out that the same idea was used in [12], [13] and [26] to study other 
problems involving critical exponents, though the methods used in [12, 13, 26] to 
obtain the estimates are different from those in [14]. 

Problems with the fractional Laplacian have been extensively studied recently. See 
for example [3, 4, 6, 7, 8, 10, 11, 16, 20, 22, 23, 24], In particular, the Brezis-Nirenberg 
type problem was discussed in [23] for the special case a — |, and in [4] for the general 
case, 0 < a < 1, where existence of one positive solution was proved. To use the idea 
in [5] to prove the existence of one positive solution for the fractional Laplacian, the 
authors in [4, 23] used the following results in [11] (see also [3]): for any u G H, the 
solution v G Hq l (Cq) of the problem 

( — div(y 1_2a Vu) = 0, in Cq = Slx (0, oo), 

^ v = 0, on = <9Q x (0, oo), 

on fl x {0}, 


v = u 


(1.3) 
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satisfies 


where we use (x,y) 


— lim k a y 1 2a 
2 /-> 0 + 


dv 

dy 


(-A )> 


(xi, • • • , xn, y) G M 7V+1 , and 


Hi l (Cq) = {v E L 2 (C n ) : v = 0 on d L C n , [ y 1 2 “| Vu| 2 dxdy < oo}. (1.4) 

■JCn 


Therefore, the nonlocal problem (1.1) can be reformulated to the following local 
problem: 


T —div(y 1_2a Vu) = 0, in Cq, 

< v = 0, on d L C n , (1.5) 

1 y 12a % = \ v i x > 0)| 2 “ _2_£ u(.t, 0) + Xv(x, 0), on Q x {0}, 

where is the outward normal derivative of 8Cq . ffence, critical points of the 
functional 


h{v) 


1 

2 



y 1 2a \X7v\ 2 dxdy 





\v\ 2 dx (1.6) 

{ 0 } 


defined on Hi l (Cq) correspond to solutions of (1.5). A solution at the mountain pass 
level of the functional I(u ) was found in [4, 23]. On the other hand, it is easy to show 
by using the Pohozaev type identity that the problem 


(—A)"u = \u\ p 1 u in O, u = 0 on dQ 

has no nontrivial solution if p + 1 > and is star-shaped. 

In this paper, we will investigate the existence of infinitely many solutions for 
problem (1.1) by finding critical points of the functional I{u). Since the problem is 
critical, the functional I(u ) does not satisfy the Palais-Smale condition. Thus the 
mini-max theorems can not be applied directly to obtain infinitely many solutions for 
(1.1). So we follow the idea in [14] to consider the subcritical problem 

{ div(y 1 ~ 2a 'Vv) = 0, in Cq, 

v = 0, on d L C n , (1.7) 

y = ~\ v ( x i 0)\ Pn ~ 2 v(x, 0) — Xv(x, 0), on Q x {0}. 

where p n = 2* — e n with e n —> 0. 

The main result of this paper is the following. 
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Theorem 1.1. Suppose N > 6a, then for any v n , which is a solution of (1.7) satis¬ 
fying || || //i L (Cn) — C f or some constant independent of n, v n converges strongly in 

as n +°o- 

Theorem 1.1 is a special compactness result. It shows that although I{u ) does 
not satisfy the Palais-Smale condition, for a special Palais-smale sequence, which is 
solutions of the perturbed problem (1.7), it does converge strongly in H ( \ l (Cq). It is 
well known now [9, 12] that this weak compactness leads to the following existence 
result: 

Theorem 1.2. If N > 6a, then (1.1) with £ = 0 has infinitely many solutions. 

The main difficulty in the study of (1.7) is that we need to carry out the boundary 
estimates. This is different from the Dirichlet problems studied in [9, 12, 13, 14, 26], 
which mainly involve the interior estimates. 

This paper is organized as follows. In section 2, we will state a decomposition 
result for the solutions of the perturbed problem (1.7). In section 3, we obtain some 
integral estimates which captures the possible bubbling behavior of the solutions of 
(1.7). To prove such estimates, we need to study a linear problem. This part is of 
independent interest. So we put it in Appendix A. Section 4 contains the estimates 
for solutions of (1.7) in the region which does not contain any blow up point, but 
is close to some blow up point. The main result is proved in section 5 by using the 
local Pohozaev identity, together with the estimates in section 4. In Appendix B, we 
prove a decay estimate for solutions of a problem in half space involving the fractional 
critical Sobolev exponent. 

Throughout this paper, we use B r (z) to denote the ball in centered at z G 

R a ' +1 with radius r. We also use X = (x,y) to denote a point in M A ' +1 , and for any 
set D G M. N , 


Cd = D x (0,oo) C OlCd = dD x (0, +oo). 


( 1 . 8 ) 


2. Preliminaries 

Let 11 be a smooth bounded domain in M. N and 0 < a < 1. The space H a (H) is 
defined as the subset of L 2 (H) such that for u G L 2 (H), the norm 


MI/f a (Q) — IMIl 2 (q) + 



I u{x) — U{X)[ 
In Jn \x-x\ N+2a 


■ dxdx 


) 
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is finite. Let Hq(Q) be the closure of with respect to the norm || • ||#a(n). It 

is known from [17] that for 0 < a. < ifg (fl) = H a (Q); for \ < a < 1, iLg (fl) Cl 
//'*(<>). 

The space H defined in (1.2) is the interpolation space (iLg(fl), Li 2 {Q)) a ^, see [1, 
17, 25]. It was shown in [17] that (77g(fl), L 2 (Q)) a ^ = (Q) if 0 < a < 1 and a ^ 

while (i7g(fl), L 2 (fl)) i 2 = i7 0 2 0 (fl), where 

= {u e : [ ^dx< oo}, 

Jfi a \ x ) 

and d(x ) = dist(x,dLl) for all x G fh We know from [4], see also [8], that for any 
u G i/g (fl), let v G Hq L (Cq) be the extension of u defined in (1.3), then the mapping 
u —y v is an isometry between (fl) and Hq L (Cq). That is 

IMItf<U(Cn) = IMIw) fOT U G H 0^)' 

For any function W defined on x G M' v , a > 0, we dehne 


PxAW) = c^W{a{- - (x,0))). (2.1) 

It is now standard to prove the following decomposition result. 

Proposition 2.1. Let {v n } C H ( \ l (Cq) be a sequence of solutions of (1.7) satisfying 
||v n ||#i L (Cn) — C■ Then, there exist a solution vq G of (1.5), a finite sequence 

{W j }j =1 C Hf L (R N ), which are solutions of 

j div(y 1 ~ 2a Vv) = 0, in M^ +1 , 

\y^ 2a % = -ftKx,°)| 2 »^(x,°), in R N , ^ ^ 

where (3j G (0,1] is some constant, and sequences {x J n }j =1 , {af}^ =1 satisfying erf > 0, 
xf G O and as n —>• +oo, 


afdist(x J n , dft) -G oo, + « \x l n - xf\ 2 -G +oo, i ± j , (2.3) 

< cr 3 n 


\Vn~V 0 ~Y,P^S Wj 
3 =1 


' h o,l 


-G 0. 


(2.4) 
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3. Integral Estimates 


To prove Theorem 1.1, we need to prove that the bubbles p x j (bW) do not appear 
in the decomposition (2.4). 

Similar to [14], we introduce the following norm. Let qi , q-i G (2, oo) be such that 
q 2 < 2* < qi, j3 > 0 and a > 0. We consider the following inequalities 

f IMU < P, 

{ N_N (3.1) 

l 11 H'2 11 02 < Pcr^ ffl 


and define the norm 


= inf {/? > 0 : there exist , «2 such that (3.1) holds and \u\ <U\ + U 2 }. 


Denote 


<7 n = nun crL 

1 <j<k 


In this section, we will prove the following result. 

Proposition 3.1. Let v n be a solution of (1.7). For any q\,q 2 G ( N N 9a , +oo), 
q 2 < 2* < qi, there is a constant C > 0, depending only on qi and q 2 , such that 


I V n\\q\,q2,a rl F C. 


To prove Proposition 3.1, it is convenient to consider the following problem. Let 
D be a bounded domain such that CC D and let v n (x, 0) = 0 in D \ D. We choose 
A > 0 large enough so that 

\\t\ Pn - 2 t + Atl < 2|t| 2 “” 1 + A, Vt el. 


Solving 


di v(y 1 2a \7w ) = 0, 
w = 0, 


on d L C D , 


y i- 2 a^_ = 2 | Vn ( x , 0 )| 2 Wi + A, on D x {0}, 
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we obtain a sequence of solutions {;«;„} with w n > 0. By the choice of D and A, we 
find 

I di v(y^ 2a V(w n ± v n )) = 0, in C n , 

< w n ± v n > 0, on d L C n , (3.5) 

( yl-2a d(w n ±v n ) > 0) on O x {0}. 

Multiplying (3.5) by (w n ± v n )~ and integrating by part, we see that 


\v n \ < w n , in Cn,. 

Hence, it is sufficient to estimate w n in Cd- 
Lemma 3.1. Let w G Hq L (Cd) be a solution of 

{ div(y l ~‘ 2a 'Ww) = 0 in Cd, 
w = 0 on d L C D , ( 3 . 6 ) 

2/ 1 ~ 2 "§p = a(x)v on D x {0}, 

where a G L ^ ( D ), v G C l 3 (D) and a, v > 0. For any cji,q2 G ( N N --> a , +oo), q2 < 2* < 
qi, there exists C = C(N,q 1 ,q 2 ) > 0, such that 

0) 11 <71,<?2,cr c ll a ll£ ; 2S(D) ll V ll^l>52>< r ‘ (3-7) 

Proof. For any £ > 0 small and a > 0 fixed, let v\ > 0 and v 2 > 0 be functions such 
that |u| < Vi + v 2 and satisfying (3.1) with /? = |M| gi ,q 2 ,<T + e. For i = 1, 2, consider 

( div{y 1 ~ 2a Vwf) = 0 in C D , 

) Wi = 0 on d L C D , f 3 s') 


By Corollary A.l, 


y i 2 "^i = a(x)vi on D x {0}. 


I w i(', 0)||l9*(d) < C\\a\\ L N_( D ^\vi\\ L ii(D), i — 1,2. 


On the other hand, it follows from the comparison theorem that 


0 < w < W\ + w 2 , 

since |u| < iq + v 2 . Thus we complete the proof. 
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Lemma 3.2. Let w > 0 be the solution of 

{ cli v(y 1 ~ 2a 'Vw) = 0, inC D , 

w — 0, 07id L C D , (3.10) 

y 1_2Q ^ = 2\v(x, 0)| 2 “ _1 + A, on D x {0}, 


where v G C l3 (D ) is a nonnegative function. Suppose pi,p 2 G (^ n - 2 ° ) ant d 
p 2 < 2* < pi. Let q \, q 2 be determined by 


1 IV + 2cv 1 2a 
qi N - 2a pi N ’ 


(3.11) 


Then, there exists a constant C = C(N,pi,p 2 ,Ll ) > 0 such that for any a > 0, it 
holds 


\w 


;-,o)n 


<71,<72 ,cr 


<C(||. 


N+2a 
I N — 2a 
\Pl,P2,cr 


+ 1 ). 


Proof. Choose V\ > 0 and v 2 >0, with |o| < V\ + v 2 and 


N N 

\\Vl\\ L Pl(D) < (IMIpi,P 2 ,<r + e), ||^2 ||l p 2 (D) < P2 {\\v\\p 1:P2t a + £)■ 

Now we consider the following problems 


and 


— div(y 1 2 "VtOi) = 0 

in 

Cn, 

Wi = 0 

on 

9lCd, 

, N+2a 

= 2*-*»< 2 “ +A 

on 

D x {0} 


(3.12) 


Since 


— div^y 1 2a X7w 2 ) = 0 

in 

Cd, 

w 2 = 0 

on 


, N+2a 

l-2adw2 _ 2 N—2a V Jf—^ a 

v dv 2 

on 

D x {0} 


(3.13) 


jV+2c>: 
y N—2a. 


4a 

< 2 N ~ 2a v 


N+2a 
N — 2a 

1 


4ct 

+ 2 N ~ 2 <*v 


N+2a 
N — 2a 
2 
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by comparison, 0 < w < w\ + w 2 . Hence, we need to estimate ||tci(-, 0 )||l«(_d) and 
||w 2 (-,0 )||l* 2 (d)- Since 1 < Pijfp^f < by Proposition A.l, 




N+2oc 

<C(N, Pl ) ||<- 2 “ 



N — 2a 
I\+2cx ( D ) 


N+2a 1 N+2 a N 

< C(N, Pl )( Umll^D) + 

< C(N,pi, D ) ((||v|| pi ,p2,o- + £ ) iV_2 “ + l) • 


Similarly, we have 


AT+2Q: 

W2{-,0)\\l«2(D) < C\\v 2 \\lv2D) 


— Cdlnllpi^.o- 


N+2a ( N 

+ e) N ~ 2a t; 2 “ 


N \ N+2a 
P2' N—2a 


Since 



AP TV + 2a 
p -2 N — 2a 


N N 
2 « <b ’ 


Wi, iu 2 satisfies (3.1) with a = C[{\\v\\ PltP2tCr + e) + l). The proof is completed by 
letting e —> 0. 

□ 


Lemma 3.3. Let w n be a solution of (3.4). There are constants C > 0, qi,q 2 £ 
+ 00 ), Q 2 < 2* < qi, such that 


11 W n 11<71, q2,cr n — C- (3.14) 

Proof. Since {11 11 jfi (c«)} i s uniformly bounded, we may assume v n — 1 vq. By Propo¬ 

sition 2.1, we may write v n = vq + v rh 1 + u n)2 , where 

k 

v n .i(x,y) = ^2p a J n y n (W j ) 

3 = 1 


u n2 = u n — u 0 — u nj i. Let a 0 = C'|u 0 | Ar - 2a and a t = C\v n j\ N ~ 2a , i — 1,2 for C > 0 
large. 
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Denote by w 


G{y ) the solution of the following problem 
— div(y 1 ~ 2a 'Vw ) = 0 in Cd, 

w = 0 on OlCb, 

y l ~ 2a= v 011 D x {0}. 


(3.15) 


By the comparison theorem, 


iu n < G'(a 0 (-, 0)|u n (-, 0)| + A) + G(ai(-, 0)|u n (-, 0)|) + G(a 2 (-, 0)|u n (-, 0)|). 

Note that n 0 G L°°(D). So a 0 G L°°(D). Taking JV 2 ^ a < p < 2*, since N > 2a, 
we have -A > 2*, and then cp := N ^% ai) > 2*. By Proposition A.l and Holder’s 
inequality, 

||G(a 0 (-, 0)|n n (-, 0)| + A)(-, 0 )|| j c<ji(z?) 

< C\\v n (-, 0)||lp(X)) + C < C\\v n (-, 0)11^2* (£,) + C < C. 

This implies that for any g 2 < 2*, 


||fT(a 0 (-, 0)|u n (-, 0)| + A)(-, 0)|| qi , q2t a„ < ||G , ( a o(‘, 0)|n n (-, 0)| + A)(-, 0 )||(z>) < C. 

To estimate G(ai(-, 0)|u n (-, 0)|)(•, 0), we choose r such that -A < r < ^ and 
V 2 = r + k ~ %’ we have Nrk < ® < 2^. By Corollary A.2, 

||G(ai(-, 0)|n n (-, 0)|)(-, 0)|| L92 (d) < G||ai(-, 0)|| L r (n )||u n (-, 0)|| L 2* (f2) . 

Noting that Ar ~ 2ar = (A — A-)jV, we hnd 


«l(-,0)|| L qQ) 




< D<r 

i=l 


N — 2ar 
r 


■ 4ra \ r A- 

| | ^-2“ clx j < Ccqp 


JV 

92 


since, by Proposition B.l, 


and 4ra > N. Therefore, 


. • . 4 roc 

| N-2a < 


c 

(1 + |X|) 4ra 


N N 

< ||G(ai(-,0)w n (-,0))(-,0)||L92(Q)C r « 2 2 “ < C. 


||G(a 1 (.,0)«j n (.,0))(-,0)||, I ,, 2 . < ,, 



12 


S. Yan, J. Yang and X. Yu 


Using Lemma 3.1, we deduce 

l|GM-,o)M-,o)|)(-,o)|| Wn 

— 11 a 2 (' 5 0) 11^^ (QJ IKu(') 0) ||g lj( j 2 ,cr„ <5 2 11 ^7^. (' 5 0) 11 gi ,<3.2,0-^ - 

Consequently, 

0) 11(71,(72,On 

< 2||G(oo(-, 0)m„(-, 0))(-, 0 )|| 91)92i(Tb + 2||G ( (a 1 (-, 0)m„(-, 0))(-, 0)\\ gi ,q 2 , a „ 

< C. 

The proof is complete. □ 

Proof of Proposition 3.1. Since \v n \ < w n , by Lemmas 3.2 and 3.3, for any constants 
91,92 e (^, + 00 ), q 2 < 2* a < qu it holds 


So the result follows. 


u w||<2l,<22,0n — 


< \\w r 


< a 

\qim^n — ■ 


(3.16) 

□ 


4. Estimates on safe regions 


Since ||u n ||£ is uniformly bounded in n, the number of the bubble of v n is also 
uniformly bounded in n, and we can find a constant C > 0, independent of n, such 
that the region 

-A' n = i x = fay) ■ x e (b _i(x n ,0)\B _i(x n ,0)) nC Q } 

V (C+5)(x„ 2 Ca n - J 

does not contain any concentration point of v n for any n, where B r (z) is the ball in 
M Ar+1 centered at z with the radius r. We call A ] n safe region. Let 


Al = {X: xe B ^ -i (x n , 0) \ B ^ i(x n ,0) nc n } 


(C+4)(T n v (C+ 1 K 2 


and 


A n = {x : X E [ B _i (x n , 0) \ B _i(a: n ,0) ) 

(,(- '~ro)cr n [U-\-Z)cr n 


In this section, we will prove the following result. 
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Proposition 4.1. There is a constant C > 0, independent of n, such that 


y 1 2a \v n \ p dxdy ) <Ca n 2p 


\v n \ p < Ca n 2 


lAln{y=0} 


for any p > 1. 


To prove Proposition 4.1, we need the following lemmas. 

Lemma 4.1. Let w n be a solution of (3.4). There is a constant, independent of n, 
such that 


r N+ 1 2q J8B+(z)n{y>0} 

for all r > Ca n l ^ 2 and z = [z!, 0) with z' G 
Proof. For A' = (x,y),z = (z 1 , 0), 


y l ~ 2a w n dS<C 


r {x, z ) = 


\X - z\ N ~ 2a s N - 2a 


satisfies 


div(y l - 2a V x T{X, z)) = 0 in B s {z) \ {z}; T(X, z) = 0, X e dB s (z), 

where B s (z) C R N+1 is a ball centered at z with radius s. 

Denote f n = 2|u n | 2 “~ 1 + A. Integrating by parts, we find that for 5 G (0, s), 


lB+(z)\B+(z) 


div(y 1 ~ 2a 'Vw n )V(X, z) dX 


[ y 1 ~ 2a ^T(X,z)dS~ [ 

ld(B+(z)\B+(z)) OH Jd(B+(z)\B+(z)) 


y'-^Wn—dS 
ftr ar+(vu on 


I {y=0}r\(B 3 (x)\B 5 (z)) 


fnT(X, z)dX + 


' {y>0}rdBs (z) 


y^^T(X,z)dS 


' {y>0}nd(B s (z)\B s (z)) 


y l ~ 2a w n —dS, 
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since 


r(X,^) = 0 , XedB s (z), 


(4.4) 


and 


y 


i-tedT(X,z) _ (N — 2a)y 


2—2a 


= 0, Xe{y = Q}n(B a (z)\Bs(z)). 


dn \X- z\N-2a+2 

Differentiating (4.3) with respect to s, using (4.4), we are led to 


f N — 2a 

/ Jn N -2a+l dX + / V 

J {j / =0}n(2? s (x)\Bs (z)) s J {3/>0}n9B 5 (z) 

— / 

d' S j{ y >0}ndB s (z) 

Letting 5 —> 0 in (4.5), we obtain the following formula 


1 - 2 q dw n N -2a 
dn s N ~ 2a+1 


dS 


y ' 2 “ u v-2<, 2 + Q i dS =°- 


(4.5) 


Q 7V-2a+l I 

S J{y=0}nB s (x) 


f n dX + 


d / 1 


since 


ds\s N 2a+1 J{ y> o}ndB s (z) 


y 1 2a w n dS ) = 0, (4.6) 


From 


yl 2 K0dO)| 2 “ * + A as y —> 0. 


y 1 2a iv n dX 


J B s (z)r{y>0} 

< 


y'-^dX )Y [y^wlixY <C, 


! B s (z)n{y>0} 

we can find a r n G [|, l], such that 

1 r 


y x ~ 2a w n dS < C. 


r N+l-2a / 

r n d 0Br n Dn{y>0} 


Integrating (4.6) from r to r n , we obtain 
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^.JV+1—2 ot I 

^ J 8B r (z)n{y>0} 


y 01 w n dS 


y 1 2a w n dS + 


r N+l-2a / 

r n JdBr n (y)n{y>0} 


<c + 


qN+l-2a 


'Bt(z)n{y=0} 


f n dSdt 


'r t N+1 2a J{y=0}r\B t (z) 


(2\v n \ 2 * a 1 + A) dxdt 


(4.7) 


<C + C 


! fN+l—2a I 
r 1 J{y=0}rBt(y) 


wn a 1 + A) dxdt, 


since \v n \ < w n . 

It is easy to check 


t N + 1- 


2 a 


A dxdt < C I t 2a ~ 1 dt<C. 


'{y=0}nBt(z) 


(4.8) 


By Proposition 3.1, we know that ||w„(-, 0)|| 9l)g2)(Tn < C for any N _ 2 < 72 < 2* < 
q\. Let q\ > 2* large such that 


(N + 2a) 
qi(N - 2a) 


+ 2a- 1 > -1. 


Let 


72 = 


N + 2a 


N — 2a 

Then, we can choose vi >n , and V 2 , n , such that \w n (x, 0)| < v\ iU + V 2 , n , and 

and 

||^2,n||q2 — C(Tn 


N _N_ 
-77 92 

f n 


We have 
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< 


■£N+ 1—2a 
rr„ 4 




12* —1 


dxdt 


t N +i- 


2a 


l{y=0}nB t (z) 


'Bt(z)n{y=0} 


N+2a 


Vl^ 1 dX^j {N 2a)qi f N(1 (N-2a) 91 ) ( ]f (4.9) 


C (N+2a) 

<C / t 9l( JV - 2 “) 


+2a-l 


dt < C. 


On the other hand, noting that r > Ca, 

r n i r 


- 1/2 


1—2a 


t N + 


( N N \ 


'{y= 0 }nB t (z) 

rn 4 


y, ^ +i - 

l N AT \__ i N-2a 

<c</5“” s+ ~ = a 


|^2,n| a 1 dxdt 


( N N\„ n 

dt < 


2a — 


Combining (4.8)-(4.10), we obtain 

r n i r 


and then 


fN+l-2a 

1 


l{y=0}nBt(z) 


(2|w n | 2 “ 1 + A ) dxdt < C, 


r N+l-2a / , 

r J 8B+(z)n{y>0} 


y 


1 “ 2a w„ dS < C. 


Let us recall the Muckenhoupt class A p for p > 1: 


IB 

,l-2a 


1 

m 


(4.10) 


(4,11) 


□ 


A p = [w : sup ( — [ |w|) [ \w\ p- 1 Y < C, for all ball B in R N+1 } 

B V|I3| Ik ' Viol Ik ' 


It is easy to check that y 1 la G A 2 . 

Denote ||u||z,p(.e, 2/ i- 2 <*) = (f E ?/ 1_2q: |'u| p dx)p. We have the following result [15]: 

Lemma 4.2. Let V be an open bounded set in M Ar+1 . There exist constants 5 > 0 and 
C > 0 depending only on N and V, such that for all u G Cq°(T>) and all k satisfying 
1 < k < + S, 

IMIz, 2fe (x>y- 2 “) < C'||V'u||z,2(D i2/ i-2Q i ). (4.12) 
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Let D* be an open set in M A '\ Consider the following problem: 


I div(y 1 2a Wiu) = 0, (x,y) G C D *\ 

{-y 1 ^ 20 ^ = a(x)w, xeD*,y = 0, 

where a(x) > 0 and a G L^ C (R N ). We have the following estimate: 


(4.13) 


Lemma 4.3. Suppose that w is a solution of (4.13). If there is a small constant 
S > 0 such that 


I Bx O)n{j/=o} 


1 2 “ dx < 5, 


for any Bi(z) D {y = 0} C D*, z = (x,0), then for any p > 1, there is a constant 
C — C(p) >0 such that 


ll W ll LP(B+ /2 (z),y 1 - 2 “) — ^\\ W \\L 1 {Bf{z),y 1 ~ 2a )i (4-14) 

and 

C 

~ (R- r )^ HIlMB+W,!/ 1 -**) (4-15) 

for p > 1, 0 < a < 1 and 0 < k < 1. 



Proof. We only need to prove the result for p > 2*. Let 1 > R > r > 0. Define 
£ G Cq(Br(z)), with £ = 1 in B r (z), 0 < £ < 1, and |V£| < Let q = fr and R 
be small so that p = ff 2, w 2q ~ l G Hf L (Co*)- We have 



y 1 2q VwV p dxdy = 


1 D*r{y=0} 


awp dx, 


and 


y 1 2a 'Vw'Vpdxdy 


> 


2q - 1 
2 q 2 


y 1-2 “| V (fw q ) | 2 dxdy — 


C 


(R - rf 




y^~ 2a w 2q dx. 
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Hence, 


V 1 2 “|V (^w q )\ 2 dxdy 


<- 


' C D * 

c 


<- 


(. R-rf 
C 

(. R-r)' 




y 1 2a w 2q dx+ awip dx 

J D*x{0 } 




y l ~ 2a nj 2q dx 


|a| 2 “ dx 


B+(z)n{y=0} 



(£ w q ) 2 * a dx 


D* x{0} 


<- 


c 


y 1 - 2 ^ dx + 5% 


(R-r) 2 J B + {z ) \Jd*x{o} 

By the trace inequality, we obtain 


(£ud) 2 “ dx 


(4.16) 


y 1 2a \V(£w q )\ 2 dxdy 


<- 


' Cd* 

c 


(R-r) 2 


/ y 1 2a w 2q dxdy + CS^ / y 1 2a \V(^w q )\ 2 dxdy. 

'B+(z) Jc D * 


So, if 8 > 0 is small, we obtain 


(4.17) 


/ V 1 2a \V(£w q )\ 2 dxdy < C f 
Jc D * (R-r) 2 Jb+{z) 

for 0 < r < R < 1. By Lemma 4.2, 


y 1 2a w 2q dxdy (4-18) 


y l ~ 2a (iw q ) 2t dx) <C y^lV^w^dxdy 
'B^(z) J JB+{z) 

for some t > 1 . As a result, we obtain from (4.18) and (4.19), 


(4.19) 


ji- 2 a w 2tq dx ] 


< 


C 


Br (z) 


J ~(R-r)' 


’B + r {z) 


y 1 2a w 2q dxdy, (4.20) 


which yields 
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[ y 1 ~ 2a w 2tq dx \ ^ <-— 

>B$(z) ) (R - r)i \Jb+{z) 


y 1 2a w 2q dxdy 


(4.21) 


for 0 < r < R < 1. Note that if p > q > 1, by Holder’s inequality, 


/ y 1 2a w q dx) <c( y 1 2a w p dxdy ) . 

Ib+(z) J \Jb+{z) J 

Using (4.22) and iterating (4.21) we obtain that there is a > 0 such that 
[ y l ~ 2a w p dx ) < ° ( [ y l ~ 2a iv 2 « dxdy 

Ib+(z) J {R - rf v Jb+(z) 

for p > 2* and 0 < r < R < 1. By Holder’s inequality, 


(4.22) 


(4.23) 




y 1 - 2 ^ 


\ 

dxdy 


< llwl 


LHB+(z),y^-^)\\ W \\LP(BUz)^-^y 


I 1 — K, 


J 


Hence, 


w\ 


1 C 

if: ~ II w \\r.v(K+(?\ + TT; ~W U, \\L 1 (Bf(z),y 1 ~ 2a )' 


\LP(B+(z), y i -2«) ^ 2 " lliP ( s «W^- 2 “U ( R _ r ) 
By iteration, we obtain 


\w 


II Lp(B+(. 


UU- 2 “) - 


c 


7°\\ W \\LHB+(z),y^) 


(R - r ) 

for p > 2* and 0 < r < i? < 1. 

Finally, (4.18), (4.24) and the trace inequality imply that 


(4.24) 


lB+(z)n{y=0} 


v C 

W P dx \ <— — \\w\\ L i( B + i (z),y 1 -' 2a )- 


(. R-r) 


(4.25) 

□ 


Proof of Proposition 4.1. It follows from Lemma 4.1 


r N+l 2a Jq g+ ((Xnj0)) 


y w n dS < C, 


which gives 
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y l ~ 2a w n dX < C 


r(C+A)a. 

(C+l)<7 n 


r AT+l-2a 


N+2~2a 

dr < Co n 2 


In particular 


y 1 2a w n dX < Ccr n 2 , Vze A z n . 


JV+2-2a 


'B+ t (z) 
“2 


Let 

L n (X) = v n (a n 2 X) 7 X = (, x,y) e Cn n , 

_1 

where fl n = {x : a n 2 x G hi}. Then v n satisbes 


(4.26) 


( div(y 1 2a Xv n ) = 0, 

\ Vn 0, 

[?/ 1_2q ^7 = a- Q (|h n (x, 0)| Pn_2 h n (a:, 0) + Ah n (x, 0)), 


on <9 L Ca n , 
on x {0}. 


1 

Let C, = <JnZ. Since B + _ 1 (z), z6 A 2 , does not contain any concentration point of 

ox 7 

v n , we can deduce 


/Bi(£)n{y=o} 


<C 


°'n“(l^n(^,0)| Pn 2 + A) | dX 
|cr“"(|h n (a:,0)| 2 “^ 2 + l)|£ dx 


Bi(€)n{j/=o} 


<C 


* _ IV 

n n | 2 “ dx + Coy 2 —> 0 


B _ l (z)n{y=0) 
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as n —> oo. Thus, by Lemmas 4.1 and 4.3, noting \v n \ < w n , we obtain 


— C I V \v n \ dxdy 

* ^7(0 

JV+2-2a /' 

<Ca n 2 / y 1_2a |w n | dxdy 

a n ^ 

N-\-2 — 2ct f 

<Ca n 2 / y 1 ~ 2q | | dxdy 

dAl 

N+2-2a N+2-2 ol 

<C(J n 2 


f n 0~n 


< c. 


By (4.25), we also have 


'B+(On{»=o} 


v n \ p dx < C\\v n \\ LHB + (ay i- 2a) < C. 


As a result, 


cr 


iV+2—2o! 
2 P 


y'-^vnl* 


<B _i (z) 

2 CT n 2 


< C, V z e „4 2 


Thus, 

Similarly, 


Ar+2-2a 

/ 1 - 2 “|uJ p < C< 7 „ 2 . 




v n \ p < Ca n 2 . 


'Aln{y=0} 


Proposition 4.2. We have 


□ 


y 1 2a | Vu n | 2 dxdy 


I A;\ 


(4.27) 


<Ca n / y a |w n | dxdy + C / |iu n | Q dx + (7 / |iu n | dx. 

l^x{!/=0} J A^ x {j/=0} 

In particular, 
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/Al 


y a \Xv n \ dxdy < Ca n 


(4.28) 


Proof. Let ip n G Cq(A 2 ) be a function with ip n = 1 in Af] 0 < ip n < 1 and |V(^ n | < 
1 

Can■ From 

/ y 1 ~ 2a Vv n V(<p 2 n v n )dxdy = {\v n \ 2 «~ 2 + \)v n ip 2 n v n dx 

JCci Jnx{y=0} 

<C f (\w n \ 2 *+ w 2 n )v 2 n dx, 

Jftx{y= 0 } 

we can prove (4.27). 

On the other hand, it follows from Proposition 4.1 that 


cr n I V 1 2a \w n \ 2 dxdy + 


ImJ “ dx + 


|w„| 2 dx 


IAl 


N+2~2a 


JAlx{y=0} 

N N-2a 


Alx{y= 0} 


<Ca n a n 2 + Ca n 2 < Ca n 2 . 

It yields from (4.27) that 

/ i/^ 2a |Vu n | 2 dxdy < Ca n 
JAl 


(4.29) 


□ 


5. Existence of infinitely many bound state solutions 

Firstly, we have the following local Pohozaev identity. 

Lemma 5.1. Let v be a solution of (1-5). Then for any smooth subset At C Cq, v 
satisfies 


tCX I y^AdS 

2 JdM du 

= \ [ y 1 - 2 a \Wv\ 2 (X-z 0 ,u)dS- [ y l ~ 2 a {Vv,X - z 0 )^dS, 

1 JdM JdM ° v 

where u is the outward normal to dS, and z 0 G M Ar+1 . 


(5.1) 
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Proof of Theorem 1.1 We argue by contradiction. Suppose the assertion is not 
true. Choose t n e [C + 2, C + 3] so that 


dB _i((z„,0)))n c Q 


y 1 2a (<Jn 2 |Vu n | 2 + CTnl’l) dS 


a ~\ 


+ <Jn 2 I (|u n | 2 “ + U 2 ) dS 

J [dB _i((i„,0))]n(S)x{0}) 


(5.2) 


< y 1 2 “(|Vu n | 2 + a n v 2 n ) dxdy + <x“ / (K| 2 “ + v ;\) dx, 

JAl JAln{y=0} 


By Propositions 4.1 and 4.2, 


(dB _i((x„,0)))n. Cn 


y 1 2a (<Jn 2 |Vu n | 2 + O'nU 2 ) dS 


J(dB _i((i„,0)))n(S)x{0}) 

tn&n ^ 

N-2a _ N_ N—2ct 

< Ca n 2 + Cay n 2 = C'a n 2 , 


(K| 2 “ + vl) dS 


(5.3) 


Let = 2* — £ n . Applying Lemma 5.1 to v n on B n = B _i ((x n , 0)) flCjj C M^ 1 
and z 0 = (x o ,0), we obtain 


tn&n 


N -2a 
2 

1 f 


f 1—2a j rr 

/ 2/ v n -—dS 

l0B n OU 


dv n 


(5.4) 


Vi; n | 2 (W - zb, v)dS- y l - 2a (\7v n , X - z 0 )^ dS. 


IdBr, 


'dB n 


dv 


From the fact that 


dv 

y 1_2a u n —= |u n (x,0)| Pn_2 u n (a;,0) + Au n (x,0), on y = 0, 
uu 
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we obtain from (5.4) 


N- 2a 
2 

= 1 / 
2 


' B n r\{y= 0} 


( \v n \ Pn + \vl) dx + 


N -2a 


■ 1 ~ 2a - dVn ds 


ldB n n{y>0} 


y v r 


du 


'B n n{ y =0} 


y a \\7v n \-(x - X 0 ,v) dx +- 


'dB„n{y>0} 


y l ~ 2a \Vv n \ 2 (X - zo,u) dS 


dv r , 


<B n n{y=0} 


y a (yv n ,x - x 0 ) — dx - 


dv n 


ldB n r{y>o} 


y a (yv n ,X — z o)-q^- dS. 


(5.5) 


Noting that x — x 0 _L v on B n D {y = 0}, we find 


lB n r{ y =o} 


y 1 2a \Vv n \ 2 (x-x o ,v)dx = 0. 


On the other hand, 


- [ y 1 2 “(Vd„,x - x 0 )^-dx 

J B„n{y=0} OU 

= - (V. r v n , x - x 0 )(\v n \ Pn ~ 2 v n + Xv n ) dx. 

J B„n{y=0} 

f 11 

= - / (v x (— \v n \ Pn + -Xv 2 ),x — x 0 ) dx 

JB„n{y=0} Pn 2 

— N j ( — \v n \ Pn + \xv 2 n ) dx- I ( — \v n \ Pn + ]-Xvl){x - x 0 , u x ) dS. 

JB„C{y=0} Pn 2 Jd(B„n{y=0}) Pn 2 

(5.6) 


So equation (5.5) becomes 
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/ N N -2a 
VPn 2 


i id j i'N N~ 2 «\ \ 
\v n \ Pn dx + ( —--- ) A 


B„n{y=0} 

1 . 1 


ir dx 


/e„n{y=o} 


( —kn| Pn + 7j^ v n){ x - x 0, V x ) dS 
ld(B n n{y= 0 }) Pn £ 


+ 


N -2a 


ldB n n{y>0} 


y^ Vn ^L dS 
ou 


(5.7) 


ldB n n{y>0} 


y^ a \Vv n \\X-z 0 ,v)dS 


+ 


dv r 


J dB n r\{y> 0} 
We decompose 


y L - 2a (Vv n ,X-z 0 )-^-dS 


dB n n {y > 0} = diB n U d e B n , 


where d,B n = dB n n Cq and d e B n = B n n d L C n . 

Now, we have two cases: 

(i) B _ 1 ((x n , 0)) n {y > 0} n (R N+1 \ Cn) ± 0, 

tn ET n 

(ii) B _ i ((x n , 0)) n {y > 0} C C n . 

tn^n 

_1 

In case (i), we take x 0 E R N \ hi with \x n — x Q \ < 2t n a n 2 , v ■ (X — (x 0 , 0)) < 0 on 
d e B n , where v is the outward normal to OlC q. Since v n = 0 on <9 lCq, we hnd 


1 

2 


1 

2 


1 —2a 


'deBn 


Vv n \ 2 (X-z 0 ,v) dS 

[ y^(Xv n ,X-Z 0 )^dS. 
IdeBn 


y 


. 1-2 a 


Xv n \ 2 (X — zq, v) dS < 0. 


deBn 


In case (ii), d e B n = 0. We choose x 0 = x n . 

Noting that p n < 2* and v n = 0 on 8lCq, we obtain from (5.7) 


(5.8) 
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N N-2a 



A 


vz dx 


B n r{y=0} 


< [ (— \v n \ Pn + \\v 2 n )(x - x 0 ,v x ) dS 

J(diB n )r\{y=0} Pn 2, 


+ 


N — 2a 


'diB, 

,1-2o|v7,. 12 


y 1 2a v n ^-dS 

ou 


IdiBn 


y a \Vv n \ 2 (X - z 0 ,v)dS 
+ [ yl-**(Vv n ,X-Z 0 )^dS. 

j diBn du 


(5.9) 


By (5.3), we find 


RHS of (5.9) <Ca 


n" / (| V n \ P "+V 2 n )dS 

I (diB n )n{y=0} 


+ C[ / y^ 2a \Xv n \ 2 dS 

'diBn 



y l ~ 2a vl dS 


diBn 


+ Ca n 2 / y l ~ 2a \S7v n \ 2 dS 

JdiBn 
1 \-a 


1 1 


<C[a n 2 (Jn + (Jn(Jn 4 + O n 2 On HJn 


< CVn 2 


(5.10) 


Inserting (5.10) into (5.9), we obtain 


dx < Ca n 


lB n n{ y =o} 


(5.11) 


Let us assume that cr n = \. Using (2.3), similarly to [12], we can deduce that if 

N > 4a, then 
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/ v\ dx> v 2 n dx 

'B n r{y=0} Jb -1 ((x n ,0))n{y=0} 


>- 


'B _i((x n , 0 ))n{ 2 /= 0 } 


\pxl ,ai(^l)| 2 + o((J n 2a ) 


(5.12) 


2 a 


—2a 


JBi(0)n{y=0} 

Combining (5.11) and (5.12), we are led to 


»'i 2 + °fc 2 ”). 


a n 2 ° < Ca n 


This is a contradiction if IV > 6a. □ 

Proof of Theorem 1.2. It is standard to prove that Theorem 1.2 follows directly 
from Theorem 1.1. See [9, 12], For the convenience of the readers, we follow [12] to 
outline the proof. 

For any k G N, define the Z 2 -homotopy class Ty by 

T k = [A] A G Hl L (C Q ) is compact, Z 2 — invariant, and 7 (vl) > A:} , 

where the genus y(dl) is smallest integer m, such that there exists an odd map <f> G 
C(A, \ {0}). For k — 1,2, • • •, we can define the minimax value 

Ck, £ = inf max L{u)j (5.13) 

A^.J~ fa u^A 

where I e [u) is defined in (1.6). Then, Cfc j£ is a critical value of I £ (u), Thus there is 
such that / £ (u fc)£ ) = c fc;£ and I' £ {uk,e) = 0. 

For any k = 1, • •», it is easy to show that |cfc i£ | < Ck for some Ck > 0 which 
is independent of e. Therefore, Uk, £ is bounded in l {Cq) for any fixed k. By 
Theorem 1.1, up to a subsequence, Uk, £ Uk strongly in Hq L (Cn). So, Uk satisfies 
Io{u k ) = c k ■■= lim £ _j.o Cfc j£ and I' Q (u k ) = 0. 

We are now ready to show that Iq(u) has infinitely many critical points. Note that 
Ck is non-decreasing in k. We distinguish several cases. 

(1) Suppose that there are 1 < <•••&*<•••, satisfying 


Ck\ Cfci 7 • • • . 

Then, we are done. So we assume in the sequel that for some positive integer m, 
Ck = c for all k > m. 
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(2) Suppose that for any 8 > 0, Io(u) has a critical point u with Iq(u) G (c—8, c+8 ) 
and Iq(u) ^ c. In this case, we are done. So from now on we assume that there exists 
a 5 > 0, such that Io(u) has no critical point u with J 0 (w) G (c — 8, c ) (J(c, c + <f). In 
this case, using the deformation argument, we can prove that 

7 (K c ) > 2, (5.14) 

where K c = {-u G Hq L (Cq) : I' 0 (u ) = 0, Iq(u) = c}. As a consequence, Io(u ) has 
infinitely many critical points. □ 

Appendix A. Estimates for a linear problem 

In this section, we will establish the L p estimates for a linear problem. Let D be 
any bounded domain in M' v . Recall that we use the notations Co = D x (0, +oo) and 
d lCd = CD x (0, +oo) Consider 

{ div(y 1 ^ 2a S7 iv) = 0 in C D , 

w = 0 on d L C D , (A.l) 

?/ l “ 2Q |y = f(x) on D x {0}. 

Proposition A.l. Suppose that f G C l3 (D),f > 0. Let w be the solution of (A.l). 
Then for any 1 < p < 2L, there is a constant C > 0, such that 

^'^KA{D)- C ^ f ^ LP{D) - 

Proof. First, it is easy to see that iu > 0. 

We claim that if q >1 then 


(j \w q (x, 0)| 2 “ dxj f( x ) w2q 1 (x,0)dx. (A.2) 

Note that vj G L°°(Cd). 

We first assume q > 1 . Let (p = u; 2 ' 3-1 G H ( \ L (Co)- Testing (A.l) by Lp, we obtain 


y 1 2 "V wVtp dxdy = / f(x)w 2q 1 (x,0)dx. 
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We deduce 


/ y 1 2 "VicV ip dxdy 
Jc D 

2q-l 


y'-^lViv^ 2 dxdy 


r Jc D 

>co(q)( f \w q (x, 0)| 2 “ dx) 


2/2* 


' D 


where c 0 (q) > 0 is some constant. Hence, 

(^j \w q (x, 0)| 2 “ dx^ f( x ) vj2q ~ 1 ( x i tydx. (A.3) 

Now we consider the case q G (A,l). For any 6 > 0, let rj = w(w + 0 ) 2 ^ q ~^ G 
K l (C d ). Then 

Vr) = (w + 9) 2{q ~ l) Vw + 2 (q - 1 )w(w + 9) 2q ~ 3 Vw 
From q G (|, 1), we find 


So, we obtain 


/ y 'Vw’Vrj 
Jc D 

>(2g — 1) [ y 1 ~ 2a (w + d) 2(9 ^ 1) |Vtc| 2 
Jc D 

2q - 1 


a , |/ a |V((w + 9) q — 0 q )[ 

d J Co 

> c o(d)(^J \(w(x, 0) + 9) q — 0 q \ 2 * a dx 


2/2; 


|(w(a;, 0) + 9) q 


' D 


\ 2 «dx) 2/2 * a 


<C f(x)w(x,0)(w(x,0) + 9) 2q 2 dx. (A.4) 


' D 


Letting 9 —> 0 in (A.4), we obtain (A.2). 
On the other hand, 
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I f(x)w 2q 1 (x,0) dx < yj |/| 2 ^ 9 - 29+1 




2 * g-2g+l 


\w 


1 2q—l 

l(?2* > 


(A.5) 


By (A.3), (A.5) and the embedding H ( ] L (Co) '-Y L 2 * a (Q), which, together with (A.2), 
gives 


\w\ 


q2* a Y 


< C 


\f\2*q-2q+l d X 


' D 


2*q-2q+l 

2S<? 


(A.6) 


Let p = 


_ 2 %q 


-■ Then q = 2 ^£_ 2V „ > and 


2* a q-2q+l- ^ 2*-(2*-2)p^ 2’ 

2*p 


2* - (2* - 2)p N-2pa' 

The proof is complete. 

Let w G Hi l {Cd) be a solution of 

div(y 1 ^ 2a 'Vw) = 0 in Cd, 
tc = 0 on BlCd, 

y 12a ^P = x E D, y = 0. 


□ 


(A.7) 


Corollary A.l. Suppose a, v G C^(.D),0 < /? < 1, are nonnegative functions. Then, 
for any p > N N 0 , there is a constant C = C(p) > 0, such that 


lk(-,0)|| L P( D ) < CHal^^ (r)) ||n|| L F(D)- 

Proof. Let f(x) = av. For any q > 1, it follows from Proposition A.l that 
Huh-, O')II n q < CWav\\T.i(n\ < C\\a\\ n _,||rll n q 

V ' lN-2aq (£>) ^ ''L^a (D) U L N-2aq (£)) 

We thus prove this corollary by letting p = 


Nq 


N—2aq ’ 


(A.8) 


(A.9) 


□ 


Corollary A.2. Let w G Hi l (Cd) be a solution of (A.7) with a,v > 0 and a,v G 

CP(1 

that 


C l3 (D). Then for any < p 2 < , there is a constant C = C(p 2 ) > 0 such 


N—2a 


N-2a’ 
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where — = - + fr — % • 

P 2 r 2* IV 


Proof. Similar to the proof of Corollary A.l, we have 

\\ w ('i 0)IU p 2(D) < C'll^ll P2* < C1MI !/•(£>) IMIl 2 £(d)> 

L A+2ap 2 (£)) V ' 

where r is determined by 

1 N + 2ap-2 1 1 2a 1 

r p 2 N 2* p 2 N 2*' 

Appendix B. Decay estimate 
Consider the following problem: 


(A.11) 


□ 


111 


»JV+1 
M- > 


(B.l) 


f div(y 1 2a Wv ) = 0, 

1 V l ~ 2a % = ~\ v ( x > 0)\ 2 * a ~ 2 v(x, 0), in R N , 

In this section, we will obtain a decay estimate for solutions of (B.l). 

Proposition B.l. Suppose v G L (R N+1 ) is a solution of (B.l), then there exists 
C > 0 such that 

\v(X)\ < - ° N _ (B.2) 

(i+m^ 

for X G R* +1 . 

Before we prove Proposition B.l, we need the following lemma. 

Lemma B.l. For any u G C'“(M Ar+1 ), it holds 

,2 r 


|1—2 q u 

! r n+i | A " | 


\y I a j^dxdy<C \y\ “|Vif| dxdy. 

J RA/+1 


Proof. This lemma may be known. Since the proof is short, we give the proof here. 
Let 

\y 1 1 ~ 2a 

= (N 2 tt )|A T X 


Then 
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divV = 


\y\ 


1—2a 


X 


Thus 


\yf 2a u 2 


u 2 divV 


«JV+1 |W| J R N+ 1 

f f lyd-^X 

- / 2uVu • V = -2 / uVu • — 
ii w + 1 Jrn+i ( N-2a)\X \ 2 

1—2a | v7„. |2 ' 2 


<^r^{ \ y \ i v «r/ m 

iV — 2a- VJjgiv+i / VJjgjv+i 


1—2a ^ \* 


IXI 


□ 


Proof of Proposition B.l. To prove (B.2), we use the following Kelvin transformation 


v(X) = \X\~ N+2a v 


X 

m 


of v. If v is a solution of (B.l), then v satisfies 

f div(y 1 ~ 2a Vv) = 0, in R^ +1 \ {0}, 


1 


y 1 2 “f^ = — \v(x, 0)| 2 “ 2 u(x, 0), in R N \ {0}, 


Moreover, we have 

/ \v(x, 0)| 2 “ dx < C. 

J R N 

On the other hand, it follows from Lemma B.l that 


»A+1 


2 / 1_2 “|Vu| 2 dxdy < C. 


(B.3) 


(B.4) 


(B.5) 


From (B.4) and (B.5), it is standard to prove that v is a solution of (B.l). Harnack 
inequality gives 


|u| < C, in Bi(0) 0 ’ 


dV+1 


Hence, (B.2) follows. 


□ 
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